ABSTRACT This paper generates an augmented hyperchaotic system from the famous Lorenz system. The hyperchaotic system has complex dynamic properties, including stability, periodicity, multiple coexisting attractors, period-doubling and Hopf bifurcations, and hyperchaos for different parameter conditions and all these dynamic properties are presented by detailed theoretical and numerical analysis. Moreover, the finitetime synchronization of the hyperchaotic system is considered by using the state-error controller. Both the sufficient conditions for finite-time synchronization and the corresponding finite time are strictly established.
I. INTRODUCTION
Hyperchaos have been intensively studied in recent decades. A hyperchaotic system is usually defined as a chaotic system with two or more positive Lyapunov exponents. It is universally accepted that hyperchaotic system has more complex dynamic behaviors and higher unpredictability than chaotic system since its dynamics can be developed in multiple different directions. This enables the hyperchaotic system to have greater potential for engineering applications. The concept of hyperchaos was firstly introduced by Rössler in 1979 [1] , thereafter Matsumoto et al. found the hyperchaos earlier in the electronic circuits [2] . More representative work on hyperchaos generation was made by Li et al. who proposed the use of state feedback control and sinusoidal parameter perturbation control to generate hyperchaos [3] , [4] . By applying the linear and nonlinear state feedback control methods to Lorenz system [5] , Chen system [6] and other typical three-dimensional chaotic systems, various types of hyperchaotic systems have been constructed [7] - [9] . Hu et al. also used the approximate time delayed feedback control to create hyperchaotic system from Lorenz system [10] . Shen et al. proposed a unified singleparameter model of hyperchaotic systems with desired number of positive Lyapunov exponents [11] . Ge 
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The associate editor coordinating the review of this manuscript and approving it for publication was Ludovico Minati. studied the hyperchaos in quantum cellular neural network system with three positive Lyapunov exponents [12] . Moreover the autonomous memristor chaotic, hyperchaos in memristor-based and fractional-order systems has been investigated as well [13] - [15] .
The study of coexisting attractors in chaotic and hyperchaotic systems has become an increasing concern in recent years. If a system generates multiple independent attractors from different initial conditions for a given set of parameters, then we may say it exists the phenomenon of coexisting attractors. The existence of multiple attractors is an important manifestations of the complexity of system dynamics. Studies have shown that the classic Lorenz and Rössler systems will generates coexisting attractors for some parameter regions [16] , [17] . Some simple chaotic systems are also found to have coexisting attractors [18] - [24] . Some effective methods were put forward to construct an arbitrary number of coexisting attractors from simple chaotic systems [25] , [26] . The appearance of coexisting attractors is closely related to the number of equilibria and invariant sets of the system, thus scholars usually construct the coexisting attractors for increasing the equilibria via some suitable control methods.
Chaos synchronization plays an important role in secure communication. Its main idea is to force the response system to follow the drive system and make their states finally achieve consensus. In 1990, Pecora and Carroll systematically studied the synchronization problem of two identical chaotic systems [27] , and set off the upsurge of the research of chaos synchronization. Thereafter, many effective control methods were presented to obtain different types of chaos synchronization [28] - [33] . The finite-time synchronization refers to the achievement of synchronization in a finite time has important valuable in practical engineering applications. Vincent et al. used the adaptive control technique to achieve the finite-time synchronization of chaotic system and hyperchaotic system [34] . Wei et al. studied the finite-time hybrid projective synchronization of unified chaotic system [35] , and Lin et al. investigated the finite-time synchronization problem of a class of autonomous chaotic systems [36] .
The study of hyperchaos, coexisting attractors and synchronization in an autonomous chaotic system is still an important work, though some progress has been made. This paper gives a new hyperchaotic system with three quadratic nonlinearities and three equilibria. The complex dynamic properties are numerically studied. It shows that the system coexists a pair of point, periodic and chaotic attractors, exhibits period-doubling and Hopf bifurcations. Also the finite-time synchronization of the system is considered by designing the state-error controller.
II. NEW SYSTEM
The famous Lorenz system which describes the atmospheric convection is given by the following ordinary differential equations [5] 
with state variables x 1 , x 2 , x 3 which respectively denote the proportional to the rate of convection, the horizontal temperature variation and the vertical temperature variation. The system (1) also arises in models for dynamos, electric circuits, lasers, etc. It has been widely studied in academia. The notable feature of system (1) is that it yields the butterfly attractor for a set of parameter values a = 10, b = 28. c = 8/3. Our new hyperchaotic system is constructed by introducing an additional variable x 4 to the system (1), which is written as followsẋ
where (2) is dissipative with the divergence
It is easy to get the equilibria of system (2) by lettinġ
If k = 0, system (2) has only one equilibrium O(0, 0, 0, 0) with the following characteristic equation
Thus O is a non-hyperbolic equilibrium since Eq.(3) has one zero root λ = 0. For b > 1, O is an unstable equilibrium. For b ≤ 1, the stability of O can be determined by the center manifold theorem. (2) has only one equilibrium O(0, 0, 0, 0) with the corresponding eigenvalues
For k < 0, O is an unstable equilibrium. For k ≥ 0, the stability of O can be determined by the center manifold theorem since O is a non-hyperbolic equilibrium.
If k = 0, b = 1 and p 1 > 0, system (2) has the following three equilibria
where
If the real part of all roots of the Eq. (4) 
III. DYNAMIC ANALYSIS
We will present the complex dynamic properties of system (1) via some representative simulation experiments in this section. The hyperchaos, coexisting attractors, perioddoubling bifurcation and Hopf bifurcation are found in system (2) for different parameter conditions. Given the parameters b = 32, c = 3, d = 1, k = −1, we can generate the dynamic evolution of system (2) versus a ∈ [15, 28] via the bifurcation diagram and Lyapunov exponent spectrum, as shown in Fig.1 . The Lyapunov exponent spectrum in Fig.1(b) implies that system (2) yields hyperchaos as it has two positive Lyapunov exponents L 1 > 0, (2) with a ∈ [10, 25] 4 and L 4 is less than −10. The hyperchaotic attractor can be seen clearly from the phase portraits of system (2) with a = 20 in Fig.2 . Its Lyapunov exponents are
We can illustrate the coexisting attractors of system (2) by plotting the bifurcation diagrams and Lyapunov exponent spectrum under the parameters a ∈ [10, 25] , b = 32, c = 3, d = 2, k = −1 and initial values X ± = (±1, ±1, 1, 1), as given in Fig.3 . The separate red and blue branches in Fig.3(a) implies that system (2) coexists two attractors for initial values X ± . By selecting a = 10, 16, 19, 22, we can directly generate the phase portraits of coexisting chaotic attractors and coexisting periodic attractors of system (2), as shown in Fig.4 .
Let the parameters a = 10, c = 1, d = 1, k = 2 and initial values X ± = (±1, ±1, 1, 1), the bifurcation diagrams and Lyapunov exponent spectrum of system (2) corresponds Fig.6(a)-(b) shows the bi-stability of (2) is the perioddoubling bifurcation cascade. It can be clearly illustrated by generating the phase portraits of system (2) for some given values of b. The coexisting a pair of periodic-1, periodic-2, periodic-4 and chaotic attractors are given in Fig.7 for b = 25, 30, 36, 43.
We also can illustrate the dynamic behaviors of system (2) by giving a = 10, b = 32, c = 3, d = 2 and varying the parameter k ∈ [−5, 10]. The bifurcation diagrams and Lyapunov exponent spectrum versus k are presented in Fig.8 . With the variation of k, system (2) appears different types of chaotic attractors and coexisting attractors. The Fig.9 shows the phase portraits of the attractors of system (2): (i) a strange attractor with k = −3 in Fig.9(a) ; (ii) two periodic attractors with k = −2 in Fig.9(b) ; (iii) two strange attractors with k = −1 in Fig.9(c) ; (iv) a periodic attractor with k = 1 in Fig.9(d) ; (v) a double-scroll attractor with k = 5 in Fig.9 (e); (vi) two point attractors with k = 9 in Fig.9(f) , where the red and blue attractors are yielded from initial values X ± .
IV. FINITE-TIME SYNCHRONIZATION
We will study the finite-time synchronization problem of system (2) and establish the corresponding sufficient conditions for finite-time synchronization according to the method proposed in literature [36] in this section. Applying an augmented linear state error feedback controller, the system (2) is easy to achieve synchronization in a given infinite time. Some lemmas are necessary for facilitating the theoretical analysis.
Lemma 1 [37] : Suppose P = (p ij ) ∈ R n×n is a complex matrix and r i = j =i p ij is the sum of the absolute values of non-diagonal entries in the i-th row of P, then all the eigenvalues of P are located in the union of n discs as follows
where i, j = 1, 2, . . . , n and C denotes the set of complex numbers. Actually Lemma 1 is the classic Gershgorin circle theorem that has been widely used in many fields.
Lemma 2 [38] : The continuous systemż = f (t, z), f (t, 0) = 0, z ∈ R n is globally finite-time stable at the origin if there exists a positive definite, radially unbounded, continuously differentiable function V (t, z) : R + × R n → R + with V (t, 0) = 0, a positive definite function γ : R + → R + , γ (0) = 0, and a constant δ > 0 such that
Furthermore, the time T (t 0 , z 0 ) required for the system to achieve finite-time stability can be evaluated by the following inequality
The system (2) can be rewritten as followṡ
We take the system (5) as the drive system, and give the following response systeṁ
with the state variable y = (y 1 , y 2 , y 3 , y 4 ) T and state-error controller
where Q, W ∈ R 4×4 are constant gain matrices that need to be determined, the function h β : R 4 → R 4 is given by
with β ∈ (0, 1). Define the state error e = x − y, e = (e 1 , e 2 , e 3 , e 4 ) T ,
then the error system can be written aṡ
Since f (x) − f (y) = M (t)(x − y) with
then the system (8) can be rewritten aṡ
If lim t→t p e(t) = 0 and e(t) ≡ 0 for any t ≥ t p , then we can say that the synchronization of system (5) and system (6) is achieved in a finite time t = t p . In order to realize this goal, we should give appropriate gain matrices Q, W . w 2 , w 3 , w 4 ) is a positive definite matrix and
then the system (5) and system (6) will be synchronized in finite time t p which satisfies
where β ∈ (0, 1), θ = min{w 1 , w 2 , w 3 , w 4 }, µ max is the maximum eigenvalue of and
Proof: The proof will be started by selecting the Lyapunov function V (e) = e T e. Derivativing V (e) along the trajectory of the system (9), we havė 
then γ (V (e)) is positive definite when < 0. Also there exists a constant δ > 0 such that
Based on the Lemma 2, we can conclude that system (5) and system (6) is synchronized by the controller (7) in finite time t p which is given by the inequality (10). Remark 1: The important condition < 0 in Theorem 1 can be replaced by the inequality ξ ii =b ii − 2q i < j =ib ij , i = 1, 2, 3, 4 on the basis of Lemma 1 since is a symmetric matrix. This will make it easier for us to determine the control gain q i .
Next we will give some simulation results for verifying the correctness of the obtained theoretical results. From Fig.2 , we know that system (2) has a hyperchaotic attractor with parameters a = 20, b = 32, c = 3, d = 1, k = −1 and initial value x(0) = (1, 1, 1, 1 ) T , and we can numerically compute that |x 1 | < 50, |x 2 | < 40, 0 < x 3 < 60, |x 4 | < 600. The matrix B(t) can be written as then we can numerically obtain that time series of the state errors e 1 , e 2 , e 3 , e 4 as shown in Fig.10 . It is obvious that the state errors are tend to zero with the increase of the time. It means that system (5) and system (6) is synchronized by the controller (7) . From the Theorem 1, we also can get the finite time t p ≤ 0.25s for synchronization.
V. CONCLUSIONS
In this paper, we constructed a novel hyperchaotic system from Lorenz system. The stability of the equilibria of the new system was studied. By using simulation experiments, we found that the system has abundant dynamic behaviors including stability, periodicity, hyperchaos, coexisting attractors, period-doubling and Hopf bifurcation. Especially the coexisting attractors is an extremely important nonlinear phenomenon of recent interest. We also studied the finite-time synchronization of the system and established the sufficient conditions for finite-time synchronization by applying the state-error controller.
